
Phase Transitions and Complex Systems
Simple, nonlinear models capture complex systems at the edge o[ chaos
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PHASE TRANSmONS ANO ORDER PARAMETERS ministic or stochastic. {c) is a set of parameters and r' are a
H ow to define complexity is not a trivial question. Several given set of nearest neighboring positions of r. 1'ypically, fue

definitions have been proposed, and all of them share set of neighboring points, ?([r), is symmetrically distributed
fue intuitive idea that complexity is neither complete around fue site r, and those CA able to simulate real systems

arder nor complete disorder [1-5]. But this statement, though often verify some particular constraints.
fairly intuitive, is far from satisfactory. A quantitative charac- In this section, we summarize fue most relevant phase tran-
terization of complexity is necessary. Which "universal" fea- sitions (PHTs). To beginwith, weusetheapproachof(l), where
tures share apparently different complex systems? The be- spatial degrees of freedom and explicit local properties are
havior ofphysical systems clase to criticalpoints mar answer neglected} We will assume that fuese are nonequilibrium
this question. It is welI known, from fue theory of phase tran- phase transitions, which are achieved by means of energy or
sitions, that a given system (possibly made of manY sub- matter inputs into fue system.
systems) can undergo strong qualitative changes in its mac-
roscopic properties if a suitable control parameter is Flrs.t-Order Transitions
adequately tuned and that clase to fuese critical points some Sudden changes in the behavior of nonlinear systems as a
key characteristic constants (the so-called critical exponents) consequence of a continuous change in a given parameter are
are fue salDe for very different systems [6]. At critical points, welI known [1,8]. An example is given by fue one-dimensional

fractal structures, complex dynamical pattems and optimal nonlinear system
information transfer appear in a spontaneous way. Observ-
ing such properties in those systems which we call "complex," dxl dt = fix) = ;x3+ .ux + p. (3)

we can conjecture that complexity tends to appear clase to in-

stability points.
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The stationary solutions of (1) are given by fix) = O and are from ~ willlead to a dynamical evolution towards one of fue

represented in Figure 1 in terms of fue parameter space (jl, PJ, new solutions. In Figure 2(a), fue bifurcation diagram for x, is

forrning a smooth surface with a fold. If a single parameter, p, shown: this is a characteristic second-order PHT. 1\\70 stable so-

is smooth1y changed from negative to positive (from i to fin lutions are available when .u < O, and fue system must choose

Figure 1), thesteadystatex,is also continuouslychanged, but, one ofthem; we then say that symmetry breakingtakes place
for a given Pc' a sudden transition tales place. The state vari- [1,8]. Figure 2(b) is a mechanical illustration ofthis process.

able jumps from fue upper branch to fue lower one. In fue Ructuations can be included in this formal approach by

language of catastrophe theory, it corresponds to a "cusp ca- means of fue so-called Fokker- Planck equation (FPE) [7,8]. This

I tastrophe" for the x, solutions. Many physical and biological approach is very important in order to analyze real systems,

i systems show this type ofbehavior, known as first-order PHTs. where t1uctuations are inevitable and where probability distri-
! These types of PHTs are not relevant for OUT discussion on butionsaretheobserveddata.Startingfromageneraldynami-

11 complex systemsas they ret1ect a transient phenomenon be- cal system dxl dt = fix), a stochastic term can be included as
1
1 tween two different states.

dxldt= fix) + o(x)~, (6)
SeGuId-UrdIr Transltlons
A different type of PHT tales place in fue dynamical system where ~ is a white noise with Gaussian distribution and (~) = O.

(DS) It can be shown that fue time-dependent probability,fix,t), of
i dxl dt = fix) = -,ux -flx3, (4) finding x E (x, x + dx) at fue time, t, is given by fue FPE:

j
li which can be written as deriving from a scalar potentiallf/(x), f = t~[ 0"2 (X)f] + ~[G(X)f] , (7)
c,
i!
!i dxl dt = -( alax) If/(x) , (5) where G(x) is a given function defined from fix) and the noise

I! term o(X).3 The stationary solution [. (x), if it exists¡ is obtained
r where IfI(x) = ,ur/2 + f:lx4/4, also known as fue l/I model [8]. The from

I stationary solutions of (4) are x,o = O and x; = :t'J-.uI/3. When a2
¡ .u, P> O, fue single real solution, x,o' is stable (i.e., axfix) < O). But t~[0"2(X)f. ]+~[G(X)f. ]=0 (8)

for.u > .uc = O, a bifurcation tales place, x,o becomes unstable,

and two new solutions (x;)emerge. Any rninimal perturbation and it reads

K {Iz G(z) }f.(x) = -z-exp 2-z-dz (9)
O" (x) z. O" (z) ,

K being fue normalization constant. Once fue

distribution [.(x) is obtained, fue moments of

fue distribution can be calculated.

Figure 2(a) shows fue trajectory of a dynami-

cal system as described by (4) but with a small

noisy perturbation of constant strength 0", i.e.,
we have dxldt = fix) + O"~. It can be shown that

fuese small t1uctuations are amplified close to
fue instability point. At .uc they become very

large. This phenomenon is known as critical

slowing down [6,8] and is a characteristic fin-

gerprint of fue onset of a second-order PHT.

These kinds of transitions are more interesting
for several reasons, and they are linked, in spa-

tially distributed systems, with fue appearance

of self-sirnilarity and optimal information trans-

f fer.1}'pically; for an arbitrary dynarnical system
dxl dt = F (x), whicn shows symmetry breaking

"
for.u >.uc' a macroscopic measure O" (the so-

First-order phase transition. This surface is obtained from the stationary solutions of eq. (3), called order parameter) can be defined over
defined over the (.u,J3) parameter space. As a given parameter is varied continuously from an the system (here .u means a given [set oí]
initial value (i) to a new one (f), the system undergoes a sudden shift from the upper branch to parameter[s]) in such a way that this quantity
the lower one. is positive for .u > .uc and vanishes at .uc. Fora
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second-order PHT, 01' grows clase to.uc (when.u >.u.) as 01' ~
(.u -.u.) 1/2 and fue relaxation time of fluctuations behaves near

.uc' like 't ~ l.u -.ucI1.

The concept of arder parameter has been widely genera!-
ized [1,8] as a comerstone of fue theory of nonequilibrium
PHTs. m this sense, when an arbitrary system (from a laser to
an ant colony) crosses an instability point, .uc' only just a few
variables become relevant and serve as arder parameters
which define fue macroscopic pattem. At fue same time, fuese
macroscopic variables govem fue behavior of fue rnicroscopic
parts. This is fue core of what we call "emergent properties:'

Noise-lnduced Transitions
A further example of PHTs is 1inked with fue response of

some nonlinear systems to multiplicative extemal noise,
i.e., when 0"= a(x) as in (1). Thesetluctuations, coupled

in this system -dependent way; can induce new nonequilib- -35 -25 -15 -5 5 15 25 35
rium transitions, i.e., qualitative changes in fue steady state p
of fue system, so fue system no longer adjusts its macroscopic
behavior to fue average properties of fue environment but b
responds in a more active way. To be specific, we again treat a
nonlinear system,

dxldt=a-x+).x(l-x), (10)

with x e [O, 1], i.e., fue genetic model [1]. m a constant envi-
ronment (;.. constant), no instability occurs; there is no tran-
sitian phenomena; and, with A. = O and a = 0.5, for example,
fue steady state is x' = 0.5.

1f A. = A. + 0"';" we have a stochastic process where .;, fu1fill
fue previous properties. It can be shown that fue previous
equation can be written sirnilarly to equation (6), being a(x) =
x(1 -x). m Figure 3, fue stationary density [.(x) is shown for
different intensities of noise. A noise-induced transition is
observed where a qualitative change in the shape of the
stationary probability density is generated. m fue case of fue
genetic model, we can find, for fue above- mentioned param-

A. O d 05 h .th b f xtr f Second-order phase transitions. (a) As defined from eq. (4), in a second ardereters = ~ a = ., a c ~ge ~n e ~um er o e ema o phase transitions, two new branches appear symmetrically from the old one.
[.(x): as we mcrease the nOlse mtenslty 0", [.(x) goes from which becomes unstable. A symmetry-breaking phenomenon takes place, and
a maximum in x' = 0.5, i.e., fue most probable value wi11 be one of the two possible solutions is chosen, as shown by the stochastic trajec-
fue deterrninistic one, t~ fue appearance ofthree extrema for tory. (b) A mechanical illustration of symmetry-breaking phenomena. A poten-
al > 4. one mínimum at x' = 0.5 and two maxima x so fue tia! q¡(x) can be represented by a surface with two minima. As the ball moves,

di 1 b. bl b' h . Thi ."". down (starting from a symmetric initial condition). any smalllluctuation will
system now sp ays Ista e e aVIar. s IS apure nolSe- d .d th f.

I tatecl e e Ina s e.induced phenomenon. It shows that, sometimes, the knowl-
edge ofthe average environmental state is insufficient to pre-
dice the macroscopic behavior of the system. m other cases, phenomena in cellular dynarnics, fue collective behavior of in-
extemal noise can lead to even more profound modifications.4 sect societies, or fue large-scale dynarnics of fue brain are just

some examples. m a11 fuese examples, fue system undergoes
MEASURING COMPLEXITY: THE ISING MODEL dramatic changes in its qualitative properties when fue critica!
Many examples of second-order or noise- induced PHTs are point is reached. But before proceeding further in our study of
known from classical and quantum physics: fue PHTs when PHTs, let us consider fue best known model of them, fue Ising
magnets are heated up (see below); superconductors which model [6], as a reference nonlinear (closed) system formed by
become simple conductors; inflationary models of fue early many elements with local interactions. Severa! relevant mea.
evolution of fue universe, and so forth. m biology, threshold sures of general interest for complex systems wi11 be defined

!
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Here ~ is fue Boltzmann constant and

Tthe temperature. The temperature is a

very important control parameter: if we

start from a system at high temperatures
and we cool slowly our system, a sud-

den change in fue behavior of this sys-
tem takes place at a critical point T c' fue

so-called Curie temperature. In arder to

understand fue nature ofthis change, we

can define a new quantity: fue global
magnetization M given by M == Li Si In

Figure 2(a) we see howthis quantitybe-
haves. For T> T c' M = O as a consequence

of fue etIect of thermal excitations on

fue interaction of nearest spins. When

g T < < Tc' interactions are not perturbed

-and fue spins are aligned (so Mbecomes

maximum). Formally; fue magnetization
per spin, m = MI N, is shown to behave

as m=Ofor T> Tandasc

m == [1-(Sinh(2,B't))--4f/8

for T < Tc' Clase to 1;, (for T < 1;), m be-

3,8 haves as m '"ltI"where 'tis fue so-called

reduced temperature, i.e., 't== (T -TJITc'
The exponent a is named a critical ex-

ponent. Generally, fue critical exponent
N~\ A. associated with a function F(t) is de-

-/" 1,9 ~ci\~~\.~ fined as A. == limt-.o[logIF(t)l/logl~], i.e.,

F(t) '"I~A.

000 100

Correlatlons and Percolatlon

., ' , o o , ' o ' At fue critical point, something happens.

Nolse-lnduced phase transltlono Here the determlmstlc dynamlcal system glven by eqo (10) IS perturbed Wh t? Th b h . tth .ti. al m. tb f ItO

lo o o t T h tat O b b 'l ° ty d oty ( o b (9)) o a. e e aVIar a e cn c po ,
y means o a mu IP Icatlve nolse ermo e s lonary pro a 11 ensl as glven y eq, IS ..

shown. As the nolse level is increased, the single maximum is replaced by two new estremao T c' can be Vlsuallzed by means of fue

simulation modelo In Figure 4 we see

three examples of this system for three

Mlcrolcoplc Madel differentpoints: for (a) T= 1.2 Tc' for (b) T== Tc' and for (c) T=

Consider a two-dimensional square lattice of length side N 0.95 Tc' For temperatures greater than fue Curie temperature,
(in one dimension, no PHT is obtained). The state of each entropy dominates over energy, and fue distribution of spins

latticesite, i, is indicated as S,(i) for each time step, t. Time is is essentially random (Figure 4(a)). We say that fue so-called

assumed discrete, and L == {-1, +1}. Each "spin," S,(ij, inter- con-elation length c;' is small. It expresses fue typical distance
acts with its tour nearest neighbors through an exchange over which fue behavior of a rnicroscopic variable is corre-

interaction, l, which favors parallel alignment (the least- lated with (influenced by) fue behavior of another. Clase to

energy configuration). T c' c;' scales as c;' '" Itl-v, v being another critical exponent. Be-

The dynamics of the two-dimensional Ising model is low fue critical point, fue model is said to exhibit long-range

easily simulated by computer. For each time step. we pick up arder: fue exchange interaction works over thermal pertur-
at random a single spin, Si' and its local field, hj, defined as bations (Figure 4(C)). Now let us move towards fue critical

hj = lL Si (the sum is carried out over nearest neighbors). is point.lfwe observe this state (Figure 4(b)), we see that both

computed. Then fue i-th spin wiIl change with a probability, types of spins are equally represented. but their distribution
~., given by [6]: appears tope clustered in a non-trivial way. In fact, if a large

enough system is seen, we can appreciate fue existence of a

W.(S) =P(S¡-.-S) = (1/2)[I-S. tanh(h/kB1)). (11) self-similar pattem (i.e., a fractal object). There is no upper

'8 C o M P L E XI T Y @1996JohnWiley&Sons,lnco



cut -off length, and ordered structures exist on every length
scale.1n fact, this is fue microscopic physics underlying a criti- .
cal PHT: fluctuationS on all scales of length are meaningful.

rhe correlation length, ~, also represents fue typical dis-
tance of connected cluster of spins. For a fixed ~, fluctuations
ofblocks of all sizes up to size ~ can be found. When moving
towards the critical point, ~ diverges to infulity, and so does
fue size of fue maximum connected cluster. This means that
fuete is a connected path on this cluster that spreads from
one sirle of fue system to fue other. When this happens, fue
system is said to percolate. There are many different types of
percolation [9], depending on fue geometry of fue system and
on fue existente of correlations in fue fonnation of connected
sites. The simplest example of percolation consists in ran-
domIy filling fue sites of a square lattice with some probabil-
ity, p. If pis increased from O to a critical value, Pc' fue proper-
ties of a second-order PHT are recovered: one finds divergency
of fue correlation length and of the size of fue clusters (until,
at p == p c' a percolation cluster that connects both sides of fue .

system appears). At the critical point, fue system displays !
fractal geometry (the size of fue clusters scales following a
power-law that helps to characterize fue transition, too), and
fluctuations of all sizes can be found. At or close to a critica!
point, fue amount of infonnation that might be transferred
throUghout fue system is maximal.

Percolating systems are likely to be very robust against ex-
ternal perturbations, provided that each and every different
size is already considered in fue system, both in space and in
time.

Entropy Ind Mutuallnformation Functions
B efore conti~uing, we ~ust define tw~ additional mea-

sures that wi1I be used In fue next sections. Here we con-
sider a given system formed by many subsystems (as in

fue Ising model). Let {x) with i == I,2,...,m, a given set ofvalues
XI E L, where #(}:;) == S. Here {XI} can be a time series obtained C
from one of fue subsystems, or fue complete set of current
states, or a combination of both. And let us assume that we

i can define two sets of probabilities {P a} and {~p}' Here P a wi1I ,
be fue probability of observing fue a E L state, and {~J, fue

probability of observing both a, /3 e }:; states. These probabili-
ties would be obtained by averaging over time; or averaging,
at a given time step, ayer fue elements of fue system; or both.

Then fue Boltzmann (Shannon) entropy is given by

H=- LPalog[Pa] (12)
ae1:

and fue mutual information by [lO, 11):

M=,- L { LP al! 101* ]11. (13)
ae1: ae1: L a p f

Phase transitions and the Ising modelo Three snapshots of a 200 x 200The first quantity gives us a measure of disorder, and it is lattice of spins are shown for different temperatures, T. (a) T = 1.2 T.;

fitted by O ~ H ~ log(S), which corresponds to fue simplest (b) T = Tc (critical point, Curie temperature); (c) T = 0.95 T c'

í@1996JohnWiley&Sons, Inc. C o M P L E X I T y 17
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Ij¡ state (P a = 1; PP~a = O) and fue uniform distribution (P a = lIS, fied into tour main qualitative categories (Figure 6(a-d)):
v¡~" 'v'ae }:;). Ifweconsi~erth~ Is~gmodel, this can be observed (a) Class 1: evolu~on leads to a homoge?eous state (steady
'1 for fue entropy per slte. It IS gIven by H = ~{p +log(p +) + (1 -P +) attractor, fixed pomt); (b) Class 11: evolution leads to a set of

lag (1- p +)}, and is H = O at low temperatures (when m -+ m+) localized stable and/or periodic structures (periodic

andH=log(2) athigh temperatures. Usingthesameexample, attractors); (c) Class 111: evolution leads to chaotic pattems
let us now consider two neighboring spins, and let us calcu- (chaotic attractor); and (d) Class N: evolution leads to com-
late fue previousprobabilities by averaging many steps ayer plex 10calized structures with very long transients. These
time. At lowtemperatures, fue system is very ordered, and we automata are fue only ones able to perform universal com-
have to expect P ++ -+ 1 or P_- -+ 1, and so M -+ O. At fue other putation (Figure 6(d»).
extreme, both elements will behave randomly and nearly in- This scheme was revised by means of Langton's A. param-

I dependently; and so we have to expect P aIJ = P,.Pp' and so again eter [4]. Following fue notation of Section 1 and using S = #(}:;)
1 M -+ o. At intermediate values, when correlations emerge clase and Ir = #(9!D, we can define Langton's parameter for a given

to fue critical point, we expect a maximum in M,S as shown in CA as
Figure 5. SK ~n

).=~. (14)
CELLULAR AUTOMATA ANO PHASE TRANSITIONS S

Though fue Ising model is a very good representation of a wide Here 82'+1 is fue number of all fue possible transitions for a
set of equilibrium physical systems, we can ask ourselves if specific rule-table, and nq is fue subset of such transitions (in

i other (nowopen) open complex systems can be equally well fue rule-table) leading to fue so-called quiescent state (usu-
represented, at least in their qualitative properties. Cellular ally O). This parameter gives a rough quantitative charac-
automata (CA) models have been widely used as models of terization of fue CA complexity. Using A., we can arder fue
complex phenomena [12]. They algO exhibit PHTs (see [12]). automata rules following fue sequence Class 1 -+ Class 11 ~

Class lV~ Class 111, and so fue complexity of CA rules is or-
Oetermlnlstlc Cellolar Aotomata (DCA) dered. Ithas beenshown thatinformationgrows up to amaxi-
Invented in 1948 by the Hungarian mathematicians Van mum at a "critical" A.c' where class-lV automata are observed.
Neumann and illam, fuese dynamical systems are defined in This fact suggests that computation in natural systems should
a general way by (2). These models exhibit an enormous emerge clase to PHT points [3,4] (see algO Haken [8, 14] for a
variety of spatio-temporal pattems, but they can be classi- detailed discussion of physical systems). The H ~ M diagram

shows us how complexity (M) and disorder (H) are related:
information needs some degree of arder to be stored (lowen-
tropy) but algO some degree of disorder if transmission and
manipulation are necessary [8, 15]. The critical point, where

O. 02 fue maximumMis obtained, shows fue compromise between

both tendencies. This conjecture is known as computation at
the edge 01 chaos, but fue A. parameter, as first defined by Chris
Langton, has been shown to be flawed. For example, fue work
ofMitchell, Hraber, and Crutchfield [13] has shown that sym-

C metry-breaking processes can impede fue evolution toward
~ higher computational capability.
tU
E 0.01
'o Stochastlc Cellolar Aotomata (SCA)-
= As happens with continuous, noise-driven systems (see fue

first section), CA models incorporating noise (the so-called
stochastic cellular automata, [15]) can generate unexpected
pattems ofbehavior. A study of fue simplest Que-dimensional
DCA (S= 2, Ir= 3) shows that theydo not exhibit class-lVbe-

0.00 havior.6Butsome SCA, which are classified as class-lifnoran-
O. O O .1 O. 2 O .3 O .4 O. 5 domness is used, belong to class- N for a suitable noise level.

P Stochasticity can be introduced in severa! ways. For ex-
ample, if a Que-dimensional CA is used, with }:; = {O,I} and
couplingwith nearest neighbors, fue i- th automaton takes fueMutual information, M, (as defined in Section 2.3) for the Ising modelo
val ~ din t di.ti. al b bili.ty: PIS ( . )..ue.u e ¿;. accor g o a con on pro a .l =

The informatlon transfer between two nearest splns has been calculated t+1

using a 20 x 20 lattice, averaging over 500 time steps, and using 50 con- .uIS,(i ~ 1), St(i), S, (i + n]. It can be shown that by means of
figurations. A maximum is obtained at the critical point. a percolation phenomenon (the so-called directed percola-
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Patterns of behavior of one-dimensional cellular automaton models, as defined by Wolfram's classification: (a) class 1; (b) class 11; (c) class 111; and (d) class IV.

tion [9]), complex pattems emerge at critical points, with sta- fluctuations in time), resulting in a critica! state: fue distribu-

tistical properties remiIúscent of class-lV DCA. In other cases, tion of avalanches is, in fact, a power law.

a small amount of noise (something unavoidable in real sys- Bak et al. [16] suggested that a simple cellular automata

tems) canmodifythelong-tenobehaviorofaclass-IICAinsuch model (the sandpile automaton, SA) is able to reproduce fue

a waythat fue transient structures (which can looklike class-lV observed behavior. Let us consider a two-dimensional grid

propagating structures) are stabilized by means of noise. where fue "state" of each point is given by fue local "slope,"

z(i,j). There are two essential Tules defining fue automaton:
SELF-ORGANIZED CRITICALlIY (i) Addition of a unit: we randornly choose a grid point and

A s we have seen, complex pattems involving fue appear- add a "grain": z(i,j) ~ z(i,j) + 1; and (ü) Toppling: if fue local

ance offractal structures are observed at critical points. slope is larger than a critical value, K; (usually K = 4 with

Fractal fonos are widespread in nature, from mountain Neumann neighborhood), then some units are transferred

landscapes and river networks to clusters of galaxies. Other to nearest positions: z(i,j) ~ z(i,j) -4 and z(i :t 1, j:t 1) ~

self-similar pattems are observed in fue time evolution of z(i:t 1,j:!: 1) + l.

many systems which exhibit fue so-called 1lfnoise. But fue Power laws are a consequence of the self-organization

origin of such pattems has been a matter of debate for a long process: once fue pile reaches fue critical slope, fue model

time. Free-scale behavior seems to be linked with complexity. exhibits fue general features of fue sandpile. In particular, if

How does it emerge? we study how many avalanches of each size occur after fue

addition of a single "grain" to fue pile, we find that fue dis-

Ihe Sandplle Automaton tributionofeventswhereatotalofssitestoppleobeysapower

In 1987, Per Bak, Chen Tang, and Kurt Wiesenfield [16] sug- law (Figure 7(b)): N(s) z S-T. Thus, if one waits long enough,

gested a new theory which they called "self-organized criti- one will certainly see events that are as large as one has fue

cality" (SOC). They suggested that a wide variety of natural patience to wait foro As Bak has pointed out, avalanches are

dissipative systems spontaneously evolve toward fue critical an unavoidable and intrinsic part of sandpile dynamics. On

point. No tuning of some extemal parameter is necessary, and the other hand, the spatial distribution of critical slope K

in this sense fuese phenomena should be "parameter-free." also shows fractal behavior. This result strongly suggests a

The best known example of a physical system exhibiting SOC nontrivial connection between temporal and spatial self-

(at least in some cases) is fue sandpile (Figure 7(a)). When we similarity [17].

build fue pile of sand by adding a few grains at a time, fue

slope grows until a maximum value is reached. Once this situ- SOC and Universality

ation is obtained, fue addition of new grains very often gen- The sandpile model (and other models of real systems which

erates small avalanches. Larger avalanches are less comrnon exhibit SOC) is onlya metaphor of fue real sandpile but a pow-

but also occur. From time to time, a very large avalanche takes erful one. The key word for this consistence is universality.

place. These events generate a 1lfdynamics (Le., self-similar What this means (and it is particularly true for critical sys-
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a " tems)isthatimportantfeaturesoflarge-scalephenomenaare

roughJy insensitive to fue particular details of fue models and

-' are shared by very (apparently) different systems. Thus, it has

~ been suggested that earthquakes or even turbulence would

be associated with SQC phenomena ($ee [17]) belonging to

different universality clas&es. Actually, this is fue only known

mechanismby means ofwhich an explanation for self-orga.

nized complexity is obtained. Whether or not SOC is a univer-

sal mechanism of "complexity generation" wil1 be a matter of

future research.

EXAMPLES: MODELS ANO REALlTY
! We now present several examples of complex systems exhib-

iting critical properties and introduce some theoretical ap.

proaches to phase transitions.

~;"i~'
; !\~;.': Kaollman Networkl and Genome Stabillty

~ ,;
:::;':: Random Boolean networks (also known as Kauffman net-

r, works, KN) were first proposed by Stuart Kauffman as simple

(yet reasonable) models of genetic systems [18]. Since their

d~finition in 1962, they have become one of the most cel-

.1 O O O , ebrated models of complex systems. In fuese networks, a set

."', of N binary elements is used. The state of each element at a

'~'" 5 O X 5 O given time step, t, is given by St(t) ~ {O, l}, (i = 1,...,N). The dy-.
", namical state of St(t) is updated (synchronously) by means of

.'-., a Boolean function, Al" Each element receives inputs from

~,~. exactly K elements, resulting in a dynamical system defined

".. from'.--.~ 100 ~..
z ',... S¡(t + 1) ~ At [St1 (f), SI2(t),..., StK(t)] (15)

...~"'- .
~. (i~ 1,2,...,N). Thecriticalpoint,Kc w~analyticallydetermined

~ byDerridaandhi$colleagues [19] in a set ofremarkable theo-

-, retical studies using fue so.called annealed approximation.
." ~ The dynamical and structural prop~rties of fue critica! point

can be well understood by means of a very interesting ex-

1 O ample: the problem of cell differentiation from the global ac-

1 1 O 1 O O tivity of a complex genomic system.

S All cells in a multicellular organism share fue same genome

formed by N genes (and some amOunt oí selfish DNA).lfwe

(a) The real sandpile; (b) power-law distribution obtained from a computer assume (reasonably) that genes are essentially on-off ele-
simulation.of a two-d~mensio.nal sandpile cellular automaton, as defined in ments,agivendifferentiatedcell(aneuron,akidneycell,etc.)

The Sandplle Automatlon sectlon is characterized by a subset of active genes. The number of

different cell types is not arbitrary and much less than N. Why?

The existence of a critical point in KN might be fue answer.

The key assumption of Kauffman's theory is that a cell type is

an attractoT, more precisely, a state cycle attractor. Starting

Properties of Kauffman nets for different values of K from different initial conditions (IC), a KN evolves toward a

more or less complex periodic pattern, fue systern's attractor.
CONNECTIVITY CYCLE LENGTH N ATTRACTORS STABILITY Se al IC h .d ti. al ttr t " . b . o,#, ver can reac 1 en c a ac ors, .ormmg a asm 'J

K = N 0.5 X 2/12 N/e low attraction. The global properties ofthe$e attractors i.e., their

K = 1 exp(1/8 log2 N) (2/..Je) N low length, number (nA) and stability against small perturba-

K = 2 ..J N ..J N high tions-are controlled 'oY fue connectivity, K, and are summa-

rized in Table l.
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At Kc = 2, nets crystallize spontaneous arder. KN with criti-

cal connectivity exhibit unexpected and powerful collective

arder. Both fue expected length of state cycles and fue num-

ber of attractors are nA = O(..JN). This implies that in a genome

of 10,000 elements with zt°,ooo:o 103,000 combinations of activi- --

ties, only 100 asymptotic patterns (different cell types) are ob- c: --
served. Another property of critical KN is that (as cells) each .~
attractor is stable to most minimal perturbations. We have, ~ --

then,anexampleofPHTwherethepropertiesofrealgenomes o O 1 8
and cells are found to appear. Even if a distribution of input B' 8
connectivities is used instead of a fixed K; fue previous results ...
ar~ obtained [20]. A very important consequence of fuese re- -
sults is that fue observed properties involved in genetic regu- 8-
latory systems would be fue result of intrinsic dynamical pro- cesses and not just fue action of natural selection. --

~8 ~ --
SlciallnlBch and Swarml .~ =-S ocial insects are a paradigmatic example of fue collec-

~ve. ~roperties. ~at might emerge from a s~t ofsim~le O. O 0.20 0.40 .O. 60 0.80 1.00

mdlVldual entities. The appearance of SOCial behaVlor den s I t Y

is a quantum leap in evolution: fue insect societies have found Mutual information in a fluid neural network (see section Sociallnsects and
their place in all ecosystems [21]. In spite afilie fact that so- Swarms), calculated for different densities of auto mata on a 10 x 10 lattice,
cial insects in isolation typically have a rather simple behav- and following two given individuals over 104 time steps. A maximum is ob-
..tained at a critical density.
lar, fue colonyas a whole IS able to perform very complex tasks,

including computation. Insect societies share common ¡rotures
with neural structures like the brain: (i) They are formed by a ants to perform mutual exclusion (ME). ME is an important

more or less large number of elements (neurons, say, or ants) general problem of concurrent prograInIning, an instance of

which interact locally; (ti) Single elements display a reduced which is resource allocation. We say that activity A¡ of process

number of behavioral patterns; (iti) When we look at fue sys- P ¡ and activity A~ of process P ~ must exclude each other if fue

tem as a whole, macroscopic pattems of activity emerge as a execution of A¡ mar not overlap fue execution of~. In our

result of local interactions among elements that are not re- case, mutual exclusion is attained with fue combined effects

ducible to fue behavior of single units; and (iv) The dynamics of autosynchronization and fue spatial arrangement ofbrood
of fuese systems is robust against noise, failure, or even fue in fue nests of L. acer~rum, which appears to limit fue num-

removal of single units. ber ofworkers that can access fue brood simultaneously [28].
'!:he remarkable studies of Deneubourg and rus colleages On fue other hand, we have introduced clear evidence that

afilie Bruxelles school [22] early showed that several patterns fue phenomena of autosynchronization is due to a state de-

of activity in social insects were linked with self -organization pendent external noise in fue form of both a spontaneous

processes. These phenomena are sometimes fue result of a activation and a density dependent activity propagation, giv-
symmetry-breaking mechanism [22, 23] like those analyzed ing rise to a noise induced transition [29]. Using fue formal

in fue section Second-Order n-ansitions. approach of fluid neural networks [27], we have shown that, if

As an example of computation at fue edge of chao s in ant fue entroPY and mutual information are calculated (by aver-

colonies, let us consider fue colony oscillations afilie Lepto- aging ayer time fue states ofpairs ofindividuals), maximum

thorax ants [24, 25]. These colonies showa striking pattern of information is reached at a given critical density, p c (Figure 8).
global short-time periodic oscillations of activity. The num- Forabiologicallyplausiblesetofparameters, wehavethetran-

ber of active individuals moves up and clown in a roughly pe- sitian at the same p c:o 0.2; this has been observed experimen-
nodical way. It is also known that individual ants are not pen- tally. These facts point to fue possibility of a noise- induced

odic but chaotic [26] indicating that global behavior is an computational capability in fue colony, for which we have

emergent property. As fue density of individuals is increased coined fue term noise-induced computation [29].

(this can be done experimentally) from low to high, fue co-
herence of fuese oscillations becomes more and more clear. MacrOBVllutiln and ExtincUln
In natural conditions, fue nest density appears to be at an in- In fue neo- Darwinist view of evolution, fue interest in individu-
termediate value where neither total arder nor total disorder als as fue units for selection has been shifted towards genes. In

is allowed (see [27]). this framework, evolution is then understood as fue temporal

It has been conjeCtured [28] that this phenomenon enables changes in gene frequencies driven by natural selection.1n fue
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Some theoretical models have tried
4 to shed light on this problem. One is fue

Kauffman-Johnsen (KJ) model based.
m on random Boolean nets [18]. The

3 8' B other, simpler one is fue Bak-Sneppen

a B (BS) [33] model defined by fue follow-

El ing set of rules: We consider a string of
a

m Nrandom numbers, Xt E (O, 1), which
2 r~ m are fue "species" of our ecosystem. The

a steps are (a) we choose fue minimum
~ B B xjandchangeitbyanewrandomnum-
z a .
-1 a ber,XjE(O,l);(b)thetwonearestnelgh-
g B borsarealsochanged:xj+¡E (O,l),xj-¡E
-B (O, 1) (periodic boundaries are as-

m .
B sumed); and (c) fue preVIous steps are

O m repeated.

m In this model fue quantities Ix) play

B fue role of a "barrier height," separat-

-1 .ing fue local fitness maximum from

other better maxima. In other words,

fue barrier height is a measure of how

lar fue i- th species is from its maximum
-2 fitness. Thenifthefitness,x¡ islow, itis

-4 -3 -2 -1 O morelikelytofindnearbybetterstates.
lag (t) In fue BS model, fue barriers are fue

measure of stability: smaller barriers
P I b h . 1th B kS d I f 1 I l . Th 1 ' 1 ' 1 " l .are more unstable and easily changed.

ower- aw e aviar o e a -neppen mo e o arge-sca e evo utlon. e I etlme o evo utlonary .'.

avalanches" is shown. It is conjectured that this Quantity is related to the li1e span 01 species over time. In splte of fue overslJllplified nature of

this model, it is able to show punctu-

ated equilibrium [34] in terms ofbursts
generalcasewheremutationsandselectionareconsidered, fue of change into fue ecosystem. It also shows power law distri-
evolution of gene frequencies follows a nonlinear stochastic butions of several quantities (Figure 9). These properties are,

difIerential equation for fue gene frequency x: in fact, shared by such other complex systems as economics,

and it has been conjectured that punctuated equilibrium is a

~=-(f) (X)~+'PR(X)~ (16) commonpropertyofallcomplexsystems [30].7
iJt l' (j2X f' éJx'

Quasi-Species and tba Error Catastropba
Here cI> /l (x), 'P p(x) are suitable continuous functions incorpo- Consider a set of molecules (RNA chains, viruses, etc.). We in-

rating fue specific type of mutation, selection pressures, etc. dicate by ~ a given sequence (assumed to be a string ofbits of
We also see diffusion and drift terms (the partial derivatives length v). We can imagine fue phase space of our system as a

overx). Once the whole setofparameters isknown, thesteady- v-dimensional hypercube. Up to 2U difIerent molecules are
state solution (i.e., f.(x) such that iJ,t= O) gives us fue final fre- possible. We assume that replication ofmolecules takes place

quency distribution. Implicitly; it is assumed that fuese theo- together with mutations (i.e., errors). Selective pressures can
retical approaches can be translated to fue large-scale events be introduced in such a way that some sequences survive and

and so explain extinction pattems and species diversification. others do noto The mutation rates between a given pair lIt' IJ

are indicated as Wtk (where i, k = 1, 2,...,2U). It can be shown
S ome data from fue fossil record, in fact, suggest that a [36] thatthepopulationnt(t) ofthei-thseqúence,I;, willevolve

critical, emergent phenomenon would be behind fue in time following fue dynamical system
overall pattem of macroevolution. First, there is fue fre-

quency distribution of extinction events, which fits a power !.!!!1J!l = Wiin;(t) + L Wtknk(t)-~4'(t) (17)
law [30]. Second, thereis fue existence offractalscalingin fue dt k..i I:knttt)'

structure of taxonomic data [31]. More recently, fue studyof
time fluctuations of some fossil farnilies has shown fue exist- where W tk are fue mutation rates from 1k~t to 1" and W;t is fue

ence of l/fbehavior [32]. net production of 1t thrOUgh (correct) self-copying. It is de-
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N( G), was also shown to be a power law N( G) ~ G-~ with '" ~ tice where trees of size SI E [O, S J are detined. A simple set of

2.01 :!: 0.24 (Figure 11). These results strongly suggest that fue rules is (asynchronously) applied. We take a lattice point at

Barro Colorado (and maybe other rainforests) might be an random and allow fue following possibilities:

ecosystem poised at a critical state. 11 n
b rd

With only fuese quantities at hand, fue evidence of criti- (i) Birth: O-*So (ii) Death: S-*O and Sc -*0;

cality is appealing but mar not be conclusive enough. Again, d ...G ..-1.. (1

th . al d l .d d l fti d an (111) rOVVUl: S-*S+AS.
eoreuc mo e s come to OuT al .A CA mo e o orest y-

namics, fue Forest Came (FG) [41,42] can be used to analyze HereP dandP bindicatethe deathand birth probabilities. When
the previous conjecture. The model is detined on a L x L lat- a new tree is bom, it has aminimum size, So ~ 0.1. The third

transition introduces a critical (maximum) size, S .
c

Finally, fue fourth transition enables trees to grow,

provided that a given condition is fulfilled. Specifi-

1 cally, fue growth term is detined by

'. AS=J1-I.LSq
]"" 1jJBC~ 2.01 :t 0.24 1 8 q

"" 1jJFG~2.00:t0.10 h iOoo() if O d th .. th" w ere.., z ~ z z > an zero o efWIse. y IS e

"', strength afilie interaction, and fue sum is extended
O 1 "'" over fue eight neighbors. An additional rule of gap

.,
'4, creation is included: as a tree falIs, a gap in fue

-"..b. canopy is created by removing all neighbors in such
~ "'. 6 a way that the total biomass removed cannot be
(!J '.

"" larger than fue size of fue falling tree. Then we study

"'.A how fue dynamics is modified as yischanged. When
.6O. O 1 ". very small y are used, fue FG shows coherent behav-

10r: local parts of fue forest become highiy synchro-

nized. At high y, fue forest becomes frozen with a

6_~_~_~-~ BC randompattem ofdisperse gap points. Forlarge Pd,
fue forest becomes disordered. But for a wide set of

F G intermediate interaction values, a complex forest is

0.001 observed where all fue observed properties of fue
Barro Colorado plot are reproduced, particularly,

1 1 O those properties linked with a system at a critical

S state: (a) Fractal behavior of gap points (with multi-

Power-law distributions of gap sizes for the Barro Colorado rainforest (dashed line) and fractal spectrum); (b)Power-law distribution of gap
for the forest game cellular automaton (continuous line). The last curve has been calcu- sizes (Figure 11) with ",~2.0; and (c) l/f-fluctuations
lated at the so-called "complex forest" domain of para meter space. The agreement be- ofbiomass.
tween these sets of data seems to suggest that the Barro Colorado rainforest would be Th tofth u . al dfi Id ult.

d tth it . I tat eagreemen eore c an e res ssug-

pOI se a ecr lca s e. gests that rainforests are certBinJy m a nonequilibnum

state; in fact, they are on or clase to a PHT point. A

direct implication of this result is that high diversity

is a consequence of criticality.. Again, a very simple

model (we use only one "species" of tree instead of
Phase transitions and complex systems (SOC: self-organized criticality) fue 186 known species of trees in Barro Colorado)

SYSTEM MODEL(S) PARAMETER PROPERTIES leads to a good des.cripti~n ~f~e raintiorest, which is

expected when umversality IS mvolved.

Ferromagnet Ising Model Temperature FractalslPower laws
Sand pije Sand pije CA SOC 1/f-noise SUMMARY ANO PROSPECTS
Macroevolution KJ/BS models SOC E~inction patterns We have reviewed several theoretical problemsinvolv-
Rainforests Forest Game Interaction strength Fractal patterns . th . t fPH'I1 d .u.cal h . .., mg e eXlS ence o san cn p enomenam
RNA vlruses Elgen Model Mutatlon rate Error catastrophe .
Ant colonies Fluid Neural Nets Density Maximum I transfer natural complex systems. Other studied, for example

Brain Dynamics JFHK model Behavioral Critical slowing down fue large-scale dynamics ofbrain activity as an exter-
DNA Genome Kauffman nets Connectivity Antichaos nalstimulusisslowlychanged [43), showclearlythose

properties expected in PHT phenomena. A simple
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