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We explore a mean-field model for the evolution of exponentially growing populations of mutating
replicators. Motivated by recent in vitro experiments devised to analyze phenotypic properties of
bacterial and viral populations subjected to serial population transfers, we allow our in silico
individuals to undergo unrestricted growth before applying bottleneck events. Different dynamical
regimes of our model can be mapped to different experimental situations. Numerical and analytical
results for fitness distributions calculated at the statistically stationary states of the dynamics compare
favorably with available experimental data. Our model and results provide a common framework to
better understand populations evolving under different selection pressures.
DOI: 10.1103/PhysRevLett.90.188102

Mutation and selection are the main drivers in biological evolution. Rates of spontaneous mutation per genome
and generation differ largely among groups, and result in
differences in the adaptive capacity of organisms. RNA
lytic viruses with genome length of around 104 nucleotides have average mutation rates of one nucleotide per
genome and generation [1]. In bacteria, this rate decreases
to 1=300, while in higher eukaryotes varies from 0.1 to
100 per genome and sexual generation [2]. The selective
pressure exerted upon evolving groups depends strongly
on the initial population size and the time that the individuals are allowed to replicate unrestrictedly.
The effect of population size on fitness evolution has
been extensively studied for RNA viruses. A common
protocol is the one of serial transfer experiments [3].
First, a population of given size is allowed to multiply
for a number of generations. Then, a subpopulation of the
final sample is used to restart the process. Serial transfers
with large founder populations usually lead to increases
in the average fitness due to selection of the best adapted
phenotypes [4,5], while repeated bottlenecks are associated with decreases in fitness and fixation of deleterious mutations (Muller’s ratchet) [6 –8]. The number of
generations during which the population grows between
successive bottlenecks is directly related to the time
allowed for advantageous mutants to appear and become
established in the system.
Models aimed at describing the effect of Muller’s
ratchet in asexual populations usually consider that deleterious mutations occur at a low but positive rate, and that
the probability that a back mutation takes place is negligible [9–11]. As a result, a population tends to be represented only by the less fit variant, sits close to the
extinction threshold, and displays very low diversity. In
spite of this, serial bottleneck experiments report large
fluctuations in fitness and phenotypically diverse populations [8,12]. Indeed, increases in fitness as a result of
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compensatory mutations have often been observed [5].
A simple model studying the increase of fitness in a
growing population has been analyzed in [13].
In this Letter, we analyze a population dynamics model
originally devised to explain the presence of stationary
states of fitness in populations of RNA viruses [7]. The
model combines a deterministic mean-field description
of the growth of a mutating replicators’ ensemble with
population bottlenecks applied stochastically after a fixed
development time. This second step introduces selection
in the system. Our model is general enough that it can
describe different experimental situations found in the
literature, and therefore can provide a general framework
to better understand the in vitro evolution of populations
of mutating replicators. We will focus on the study of the
fitness distribution in different dynamical regimes. Our
analytical and numerical results will be compared with
available experimental data.
The deterministic growth of the population is implemented as follows. Consider a heterogeneous ensemble
where each individual is characterized by a fitness f. This
quantity represents the number of offspring produced
after one generation g. To introduce phenotypic variations
in the progeny, we consider a simple situation where
deleterious and beneficial mutations happen with probability p and q, respectively. Here 1 > p > q > 0. With
probability 1  p  q, offspring inherit the fitness of
the parent individual. If a mutation takes place, the fitness
of the offspring changes in one unit, plus or minus depending on the mutation being beneficial or deleterious,
respectively. The whole process can be studied in two
different situations corresponding to the different experimental protocols carried out in the laboratory: (i) The
situation of replication plus mutation is repeated a small
number g of generations. A small sample (even a single
individual) of positive fitness is randomly selected and
used as a founder population [14]. The process is repeated.
 2003 The American Physical Society

188102-1

(ii) The population is allowed to grow without restriction
for a very long time, eventually attaining a mutationselection equilibrium.
The mean-field equations describing the dynamics of
the previous model in the deterministic growing phase
are as follows. Let us call nf g the number of individuals with fitness f at generation g. The evolution of this
quantity depends on replication without error of individuals in that class (this happens with probability 1 
p  q) and on the contributions from adjacent classes,
nf g  1  nf g  1  p  qfnf g
 pf  1nf1 g  qf  1nf1 g:
(1)
There is an open boundary at f  1, such that the previous equation applies with n0 g  0, and a reflecting
barrier at f  F, nF g  1  1  F1  pnF g 
qF  1nF1 g. The initial condition is nf 0  f;f0 ;
that is, a single individual of fitness f0  1 acts as a seed
to start the replication process.
P The total population in the
system is obviously Ng  Fi1 ni g, and diverges in g.
The following are different regimes which can be explored through the above model equations: (I) p; q  1,
limited number of generations. For small enough p and q,
the total population grows proportionally to the fitness of
the seed individual and Ng ’ 1  f0 g during the first
generations. (II) p; q arbitrary, g ! 1. In this limit, a
stationary distribution sets in where the relative number
of individuals in each fitness class is constant. The total
population grows proportionally to the highest fitness,
Ng / 1  Fg . (III) p; q arbitrary, limited number of
generations. This crossover region corresponds to the
actual dynamical regime where fast-mutating organisms
(such as RNA viruses) evolve. In Fig. 1, we represent the
growth of the total population as a function of g for the
model of Eq. (1). The three different dynamical regimes
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FIG. 1. Crossover between the asymptotic dynamical regimes. We show the growth of the logarithm of the total
population as a function of g. Parameters are p  0:05, q 
0:005, f0  2, and F  10. The dotted and dashed lines have
slopes ln3 and ln11, respectively.
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can be clearly identified. We now explore these three
regimes in turn.
Regime (I).—For small mutation rates p and q and as
long as g is limited, the total number of individuals in the
system are mainly produced through replication of individuals in the fitness class f0 . This reproduces the experimental situation of serial transfers in DNA organisms (for
instance, bacteria) where genetic bottlenecks are applied
after a certain development time (fixed g). In [16], it
was experimentally observed that the effect of Muller’s
ratchet is much softer on individuals with low mutation
rates, where decreases in fitness were observed only after
many population bottlenecks and in a relatively small
fraction (5%) of the assayed populations. If mutations
are sufficiently rare, we can make the approximation
that only the fitness classes f0  1 and f0  1 are produced during the g generations and can be selected as
seeds for the next passage. In this regime, the dynamical
Eqs. (1) can be written as
nf0 1 g  1  f0  2nf0 1 g  qf0 nf0 g;
nf0 g  1  f0  1nf0 g;

(2)

nf0 1 g  1  f0 nf0 1 g  pf0 nf0 g;
where we have assumed that the class f0 contributes to
the population of adjacent classes f0 1 but that the
back contribution is negligible. We are also assuming
that q  p, such that nF g ’ 0 due to the effect of the
ratchet. Those equations can be explicitly solved to yield
nf0 1 g  qf0 2  f0 g  1  f0 g ;
nf0 g  1  f0 g ;
nf0 1 g  pf0 1  f0 g 

(3)
f0g :

At this point, it is of interest to know the statistical
distribution of seed values f0 when serial bottlenecks
are applied. In many plate transfer experiments, the relevant measured quantity is the population size after a fixed
time and after each bottleneck event. Though f0 is a
parameter in the initial deterministic growth of the population, it becomes a random variable when the process
is coupled to stochastic selection through population
bottlenecks. Using (3), the problem of calculating the
distribution of initial fitness values PI f0  can be mapped
onto a Markov chain with state-dependent transition probabilities: pf0 ;f0 1  nf0 1 =nf0 , where pf0 ;f0 is
the conditional probability to move to state f0 if the
system is at state f0 . For matrices such that pf0 ;f0  0 if
jf0  f0 j > 1, the invariant distribution PI f0  can be
calculated in a particularly simple way [17]:
PI f0  

p1;2 p2;3 . . . pf0 1;f0
P 1;
p2;1 p3;2 . . . pf0 ;f0 1 I

(4)

where the normalization
factor PI 1 has to be chosen in
P
such a way that i PI i  1. We finally get
188102-2

PI 1  2g

q=p; g; 2  q=pF q=p; g; 2  F;
(6)
P1 k
where
z; s; a  k0 z =a  ks is Lerch’s transcendent function. For this regime, the expected
distriP
bution of population numbers QN ’ f0 PI f0  
N  f0  1g  upon serial transfers becomes a
stretched exponential function,
QN / N expfN 1=g lnq=pg:

(7)

Regime (II).—In the limit g ! 1, a stationary distribution of fitness values PII f sets in [18]. In this case, we
consider a single, exponentially growing population. In
order to solve the model equations (1) in this regime, we
will use a theorem by Hoppe [19] derived in the context of
supercritical multitype branching processes. His result
applies to our case, in particular, and states that (i) the
relative proportions of the various fitness types stabilizes
to a deterministic distribution PII f, (ii) the growth rates
of all types are identical, and (iii) this asymptotic growth
rate  corresponds to the maximal eigenvalue of the mean
matrix M. The elements mf0 ;f of the mean matrix M are
the expected number of individuals with fitness f in the
first generation conditional on having as a seed an individual of fitness f0 [20]. For our case,
8
if f  f0  1
< q;
(8)
mf0 ;f  1  p  qf0  1 ; if f  f0
:
p;
if f  f0  1:
For p; q  1, the eigenvalues i of M are just the growth
rates of individuals in each fitness class, i  i  1, for
i  1; . . . ; F. The largest eigenvalue and the one which
dominates the growth of the population in regime (II) is
 ’ F  1 (see Fig. 1 for a numerical example). This
approximation worsens for increasing F [21].
Taking into account that for g ! 1 the ratios
nf1 g
 f g ! f ;
nf g
(9)
the stationary solution for the dynamic equations (1)
amounts to solving the recursion
  1  f1  p  q
qf  1
f 

;
pf  1
pf  1f1
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(10)

with
1    2  p  q=2p
and
F1 
F  1q=  1  F1  p. The coefficients f are
directly related to the asymptotic probability distribution
of fitness values, PII f  PII 11 2 . . . f1 , where
again PII 1 is obtained from the normalization condition.
The recursion (10) cannot be explicitly solved for arbi188102-3

trary parameters. In Fig. 2, we show the result of a
numerical simulation with the full mean-field model
and compare it with the solution for the parameters given.
There are a number of experiments with viral [22] and
bacterial [23] populations which intend to optimize its
fitness. Duarte and co-workers [22] compared a high fitness clone of an RNA virus with a diverse subpopulation
of the same clone. The relative fitness fE of the subclones
was measured against the original clone, of fitness F and
near maximal for the environment considered. Their
results are reproduced in the inset of Fig. 2. Interestingly, two apparently puzzling empirical observations,
namely, the very broad distribution of fitness obtained
in a highly adapted subpopulation and the fact that the
maximal fitness class is not the most represented class,
are both expected results in a population of replicators
with high mutation rates [24].
Finally, a recent model [11] has explored the properties of Muller’s ratchet in the approximation where the
system can attain mutation-selection equilibrium between bottlenecks— equivalent to the limit g ! 1, and
assuming q  0. If we would carry out serial transfers in
regime (II), the distribution of initial values PII f0  becomes trivially PII f, since the information on the initial
condition is lost for g ! 1.
Regime (III).—This regime shares some features with
regime (I), though Eqs. (1) cannot be fully solved and we
resort to numerical simulations to estimate the stationary distribution of initial fitness values PIII f0 . Populations of fast-mutating replicators evolve in this regime:
The frequency of variants more than one step away from

E

(5)

PII (f /F*)


 f 1 
q 0
f0  1 g
PI f0   PI 1
;
p
2

nf g  1
 f g !  ;
nf g
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FIG. 2. Regime (II). Transient probability distributions of
fitness values and asymptotic shape for g ! 1. Parameters
are p  0:25, q  0:01, and F  20, for which   16:0027.
The distribution PII is shown every 20 generations. The inset
shows experimental results obtained from an optimized, highfitness, RNA viral quasispecies [22]. Just for comparison, fitness classes have been defined relative to the highest fitness
variant.
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FIG. 3. Regime (III). Experimental distribution of initial fitness values estimated as f0 ’ N 1=5  1 (symbols). For qualitative comparison, we show the results of our model in regime
(III) with p  0:07 and q  0:03 (solid line) and p  103 ,
q  3:5  104 (dotted line). In both cases F  8 and g  5,
as in the experimental case. Inset: Experimentally measured
viral yield through serial transfers with foot-and-mouth disease virus [8].

the seed is high enough for f0 to jump by more than one
unit in the simulations, but g is low enough so that the
selection-mutation equilibrium has not been reached. In
[8], a viral population was subjected to more than 100
sequential transfers with bottlenecks of unit size. After an
initial transient where the average fitness of the seed
(measured in terms of the viral yield) clearly decreased,
a stationary state with large fluctuations settled in (see
Fig. 3). With these experimental measures, and considering that the estimated number of generations was
small (g ’ 5), we can roughly calculate the experimental
distribution of fitness values for the seed after the bottlenecks, PIII f0E : f0E ’ N 1=g  1 [25]. The experimental
distribution PIII f0E  is represented in Fig. 3 together
with numerically obtained distributions in regime (III).
The model studied here admits a number of generalizations in order to better represent the internal complexity of evolving organisms. Including population
fluctuations and the design of a more careful mapping
between mutations of the genotype and phenotypic effects will be the subject of future work.
The large number of experiments studying in vitro
evolution of fast replicating organisms is extraordinarily
increasing our current understanding of evolutionary
mechanisms. Simple models and statistical approaches
such as the one employed here have the potential to
provide general scenarios where a variety of experimental
situations can be unified.
S. C. M. thanks the MCyT for support under the Ramón
y Cajal program.
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